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D I S P E R S I O N  O F  T H E R M A L  W A V E S  IN 

G R A N U L A R  M A T E R I A L  

Y u .  A .  B u e v i c h  a n d  Y u .  A .  K o r n e e v  UDC 536.244:541.182 

The effective thermophysica l  pa rame te r s  of a d ispersed  medium are d iscussed which charac -  
te r ize  the propagation of t empera ture  waves in the medium and the equations of nonstat ionary 
thermal  conductivity are  formulated.  

Many papers  (see [1-5], for  example,  and the review in [6]) have been devoted to a detailed study of 
nonstat ionary fields of t empera ture  or impuri ty concentrat ion in d ispersed o r  other heterogeneous media. 
The interes t  in this subject is connected with the commerc ia l  prevalence of periodical ly operating equipment 
in which such media are  used as working bodies and also of equipment in which there  is a "response" to a 
sudden change in external  conditions (chromatographic columns,  absorbers ,  etc. ). Nonstationary t ranspor t  
p rocesses  play an important  role in phenomena occurr ing  within the individual porous grains of a catalyst  [7, 
8] or  in par t ic les  being dried [9], which can also be considered as a kind of heterogeneous mater ia l .  Finally,  
such p rocesses  are  important  in labora tory  prac t ice  in the determination of effective dispers ion coefficients 
for  heat o r  mass  in composite mater ia ls  and in d ispersed flows of diverse  s t ruc ture  [10,11]. 

Even for  an analysis of the penetration of heat in the s implest  "composite" mater ia l  -- a sys tem of two 
adjacent uniform blocks [12] --  or  f rom the considerat ion of heat propagation along identically oriented fibers 
of an ordered  fibrous mater ia l  [13], it is c lea r  that the behavior  of a nonstat ionary tempera ture  field in hetero-  
geneous and homogeneous media differs not only in quantitative and qualitative respec ts ,  but also depends 
strongly on the s t ruc tura l  features of the medium. The lat ter  is responsible for  the significant spread in the 
experimental  data obtained under various conditions even in mater ia ls  of identical s t ruc ture  together  with the 
lack of a common viewpoint on the mechanism for  t ranspor t  p rocesses  in heterogenous media [5-10], with 
attempts at deriving some corre la t ion  relat ions that would general ize  such data leading to extremely diverse  
resul ts  depending on the type of computational model used for  the general izat ion [11]. Therefore ,  an a pr ior i  
fo rmal  simulation of these p r o c e s s e s  is e lear lyunsa t i s fac tory ,  and one feels theneed for development of more  
detailed physical  representa t ions  in the formulation of a deeper  theory based on them. 

We consider  below only granular  mater ia l s ,  one phase of which consis ts  of d iscre te  par t ic les  distributed 
in the other phase.  In the genera l  case ,  both phases of the medium may be mobile but the P~clet  number 
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c h a r a c t e r i z i n g  l o c a l  c o n v e c t i v e  t r a n s p o r t  in  the  n e i g h b o r h o o d  o f  i n d i v i d u a l  p a r t i c l e s  of  the  d i s p e r s e d  p h a s e  
a r o u n d  wh ich  the  con t inuous  p h a s e  f low is  a s s u m e d  to be s m a l l  so  tha t  only  the  c o n v e c t i v e  t r a n s p o r t  a s s o -  
Cia ted  with  the  m e a n  mot ion  of  the  m e d i u m  i s  i m p o r t a n t .  

The  t r a n s p o r t  p r o c e s s  in a d i s p e r s e d  m e d i u m  of  t h i s  k ind  i s  a n a l y z e d  on the  b a s i s  of the  g e n e r a l  
m e t h o d s  d e v e l o p e d  in  [14]. We f u r t h e r  a s s u m e  tha t  the  a v e r a g e d  c h a r a c t e r i s t i c s  of  the  m e d i u m  v a r y  in  t i m e  
and s p a c e  c o n s i d e r a b l y  m o r e  s l o w l y  than  the  m e a n  t e m p e r a t u r e s  of  i t s  p h a s e s  and tha t  the  l i n e a r  s c a l e  L of 
the  l a t t e r  is  c o n s i d e r a b l y  g r e a t e r  than  the  c h a r a c t e r i s t i c  p a r t i c l e  s i z e  a .  T h e s e  a s s u m p t i o n s  m a k e  i t  p o s s i b l e  
to u s e  a con t inuous  d e s c r i p t i o n  of  t he  t r a n s p o r t  p r o c e s s  by c o n s i d e r i n g  the  d i s p e r s e d  m e d i u m  as  s o m e  f o r m  of 
a s p a t i a l l y  u n i f o r m  con t inuum [14]. 

In add i t i on ,  we a s s u m e  fo r  s i m p l i c i t y  t ha t  the  p a r t i c l e s  a r e  i d e n t i c a l  s p h e r e s  and tha t  t h e i r  v o l u m e t r i c  
c o n c e n t r a t i o n  i s  s m a l l  in  c o m p a r i s o n  with  un i ty .  T h e s e  a s s u m p t i o n s  do not  a f fec t  the  q u a l i t a t i v e  a s p e c t  of the  
e f f ec t s  d i s c u s s e d  b e l o w  and ,  in  p r i n c i p l e ,  can  be e l i m i n a t e d ,  but  t hey  p e r m i t  c o n s i d e r a b l e  s i m p l i f i c a t i o n  of  
the  c o m p u t a t i o n s  by  f o c u s i n g  a t t en t ion  on the p h y s i c a l  e s s e n t i a l s  of  the  m a t t e r .  F o r  d e f i n i t e n e s s ,  the s u b j e c t  
of d i s c u s s i o n  i s  t h e  p r o p a g a t i o n  of  hea t ,  but  a l l  the  r e s u l t s  a r e  e qua l l y  v a l i d  f o r  the  p r o p a g a t i o n  of a m a s s  of 
i m p u r i t y .  

We f i r s t  i n v e s t i g a t e  a m o n o c h r o m a t i c  t e m p e r a t u r e  wave in  which the t i m e  d e p e n d e n c e  of a l l  q u a n t i t i e s  i s  
c o n c e n t r a t e d  in the  f a c t o r  e iwt. The  c o n t a c t  t h e r m a l  c onduc t i v i t y  o v e r  the  body  of  p a r t i c l e s  in a d i l u t e  d i s -  
p e r s e d  s y s t e m  can  b e  n e g l e c t e d  so  tha t  we have  on the  b a s i s  of  [14] the  equa t ions  

ieCoOto = - -  vq -~ p(D, ipQcox I = - -  p~P, 
(1) 

q = - -  ~'oV t - -  (Zz - -  %0) pF, x = ex 0 + pt  z 

f o r  the  a m p l i t u d e s  7 0 and 7 i of the  m e a n  t e m p e r a t u r e s  of the  p h a s e s  in a c o o r d i n a t e  s y s t e m  c oup l e d  to the  
m e a n  m o t i o n  of the  m e d i u m ,  w h e r e  F and r a r e  the  a m p l i t u d e s  of the  l i n e a r  f unc t i ona l s  i n t r o d u c e d  in [14], 
which  can  be r e p r e s e n t e d  in the  f o r m  

F = vV%, (D = - -  ,ut o (2) 

with c e r t a i n  a p r i o r i  unknown c o m p l e x  c o e f f i c i e n t s  v and p .  

In a d d i t i o n ,  F and r can  be  e x p r e s s e d  t h rough  quan t i t i e s  a v e r a g e d  o v e r  the  d i s p e r s e d  p h a s e  in the  f o r m  
of  the  i n t e g r a l s  [14] 

3 f V t * ( R R ' )  d r ' ,  F (r) = 

R - -  r ' i  <~ a; (3) 

cD(R)= 4+asjVq*(RR')dR', 
IR- -  R ' : ~ a ,  

w h e r e  r* and q* a r e  the  a m p l i t u d e s  of the  m e a n  t e m p e r a t u r e  and hea t  f low within a s e l e c t e d  (test)  p a r t i c l e  and 
the  i n t e g r a t i o n  i s  c a r r i e d  out o v e r  p o s i t i o n s  R '  of the  c e n t e r  of tha t  p a r t i c l e  such  tha t  the poin t  R is  wi th in  the  
p a r t i c l e .  

We po in t  out  tha t  E q s .  (3) a r e  m o r e  e x a c t  than  the ana logous  f o r m u l a s  o b t a i n e d  f r o m  E q s .  (3) by n e g l e c t -  
ing  t e r m s  of h i g h e r  o r d e r  in a / L  and d i s c u s s e d  in d e t a i l  in [14]. The  equa t ions  m e n t i o n e d  e x p r e s s  quan t i t i e s  
a v e r a g e d  o v e r  the  d i s p e r s e d  p h a s e  in the  f o r m  of i n t e g r a l s  o v e r  the  s u r f a c e ,  and not  o v e r  the  v o l u m e ,  of  the  
t e s t  p a r t i c l e .  

Equa t i ons  (1) and (2) i n d i c a t e  tha t  71 i s  p r o p o r t i o n a l  to 7~, i . e . ,  by i n t r o d u c i n g  a p r o p o r t i o n a l i t y  f a c t o r  
if, one can  w r i t e  

"q = ~%, q = --P~'oV%, ~ = icrczr176 (4) 

= e + op + (• - -  I) vp, • = XJ~,o, 

w h e r e  the  equa t ion  

(5) 

holds for T o . 
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Thus,  the behavior of a monochromatic  wave will be described completely if the coefficients J~ (or v) and 
a (or g) a re  known. The lat ter  must  be found f rom a comparison of Eqs.  (2) and (3) if one determines  T* and 
q* f rom a solution of the special  problem involving the mean perturbat ions introduced by a test  par t ic le  into 
the mean unperturbed fields ~'0 and ~'1 [14,15]. 

In view of the smal lness  of the volumetric  concentration of the par t ic les ,  one can neglect their  "lack of 
over lap , "  i . e . ,  the fact that centers  of neighboring spheres  cannot be c lose r  than a distance 2a. This makes 
it possible to consider  the local concentrat ion of the dispersed phase  at the surface of the test  par t ic le ,  which 
is d iscussed in [14], as Simply corresponding to p and to simplify the calculations considerably.  Fur ther ,  
because of the inequality a << L, it is appropriate to represent  the field 7 0 in the neighborhood of the point R 
in the form of a Taylor  expansion, where it is sufficient to assume for  the purposes of this paper  that this 
field depends on some one Cartesian coordinate.  Then 

% (R + r) = ~ T m (R) z ~ , z = r cos 0. (6) 
rn~0 

Similar  expansions can also be wri t ten in the neighborhood of all other points R ' ,  where the coefficients 
in such expansions (denoted below by T '  m) are  simple polynomial functions of the coefficients T m in Eq. (6) 
and of the components of the vec tor  R '  -- R, the explicit form of which is not given here.  

F rom Eqs.  (5) and (6) we have the r ecu r rence  relation 

m (m-- 1) (7) 

( C~ ) 1~2 CI('O 
_ ;~, ; 2 =  -fi- , ~ - - c l  + ~ ' = ~ , -  a2, 

where,  as is easi ly seen,  there  occur  the order -of -magni tude  equalities 

~ a/L, aT1 ~ ~To, (8) 

In discussing the problem of a tes t  par t ic le  with a center  at the point R ' ,  it is convenient to use expan- 
sions in spher ical  functions also; the expansions 

% (R'+ r) = ~ A4~ (R', r) P~ (cos 0), 
m~0 

(9) 

nv%(R'+ r) = ~ Nm(R', r) P~(cosO) 
nt~o 

are  needed below, where M m and N m in Eqs.  (9) are  polynomials in r with coefficients that depend l inearly 
on T ' m ;  for brevity,  these polynomials are  not written out here .  

The problem of the tempera ture  field in the neighborhood of a test  par t ic le  with a center  at the point R' 
(r -- 0) has the form 

where T O is the unperturbed field defined by Eqs.  (9). 

A t ' - -  i (~la) 2 ~' = O, r > a; A t* - -  i Olla) 2 t *=  O, r < a, 

% - t - r  l~nv(%+t')  = xnV~*, r = a ,  (10) 

T'---5.O, r . .+oo; t * <  oo, r =  O, 

The solution of the problem (10) is written in the form 

.~'= ~ ,  f . , ( r )P, . (cos  0), ~*-- ~ %. (r) P.~ (cos O), 
m~O m-=O 

( Cl ~ra~I/2 (lZ) 

with the coefficients A m and B m being expressed in the form 
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(~ s.,+,/~ ) 1 • M,,d,.+w~_aN m 11 ''+l/-'-'-'T , A,.= -~ 

1 [ Hm+u2 ) 
Bin= -~m \rahm+xl2~aNm ~+11~' ' (12) 

Am=a,n(Jm+,/2 ~._~.Hr~+,/o. ) .qm+ff2 hrn+t/2~[} ~m+QT ]m+ll2 , 

{l~+'/~(x) l=(m-bx--~) x,.+w------~l . 1 I z-z,.+,/~ (V:7~) 
H e r e  Pm(X), Jm(X) ,  and  Hm(x) a r e  L e g e n d r e  p o l y n o m i a l s  and  B e s s e l  and  Hanke l  func t ions  of  the  f i r s t  k ind;  
when r = a ,  the  va lue  of the  a r g u m e n t  i s  not  w r i t t e n  in the  s y m b o l s  f o r  the  v a r i o u s  func t i ons .  

The  a b o v e  r e l a t i o n s  m a k e  i t  p o s s i b l e  in p r i n c i p l e  to  d e t e r m i n e  the  q u a n t i t i e s  ~r* and q* a p p e a r i n g  in  t he  
i n t e g r a l s  in E q s .  (3) to the  o r d e r  of the  r a t i o  a/L to  a s  high a p o w e r  a s  d e s i r e d .  We l i m i t  o u r s e l v e s  to t e r m s  
no h i g h e r  than  fou r th  o r d e r  in  the  f i n a l  e x p r e s s i o n s  fo r  ~" and ~* in E q s .  (11). A s  i s  e a s i l y  s e e n ,  th i s  m e a n s  
tha t  in the  e x p a n s i o n s  (6) and  (9) f o r  ~0 and in the  e x p a n s i o n  fo r  nV~0 in Eq.  (9), i t  i s  n e c e s s a r y  to keep  only 
the  f i r s t  f ive  o r  f ou r  t e r m s ,  r e s p e c t i v e l y .  It i s  f u r t h e r  c l e a r  f r o m  E q s .  (7) and  (8) tha t  the  p a r a m e t e r s  4 and 

a r e  of t he  o r d e r  of  a/L, i . e . ,  one shou ld  a s s u m e  ~ ~ ~ << 1. The  l a s t  m a k e s  i t  p o s s i b l e  to  expand  the  B e s s e l  
and  Hanke l  func t ions  in E q s .  (11) and (t2) in s e r i e s  in p o w e r s  of  t h e i r  a r g u m e n t s ,  w h e r e  i t  i s  only  n e c e s s a r y  to  
keep  t e r m s  of o r d e r  no h i g h e r  than  fou r th  in t h e s e  s e r i e s  by l i m i t i n g  o u r s e l v e s  to the  a s s u m e d  a c c u r a c y .  

As  the  r e s u l t  of r a t h e r  l engthy  c o m p u t a t i o n s ,  the  t e m p e r a t u r e  ~-*(RI R')  is  e x p r e s s e d  in the  f o r m  of a 
p o l y n o m i a l  of the  f o u r t h  d e g r e e  in the  p a r a m e t e r s  ~ and ~3, the  c o e f f i c i e n t s  of which  a r e  c e r t a i n  func t ions  of  
the  v e c t o r  r = R - -  R '  (in the  p r e s e n t  c a s e  of the  qua n t i t i e s  r and cos  0 = z / r )  and  a l s o  depend  l i n e a r l y  on the 
quan t i t i e s  Mm and N m (m = 0 . . . .  ,4) i n t r o d u c e d  in  E q s .  (9). The  l a t t e r  a r e  r e p r e s e n t e d  in e l e m e n t a r y  f a sh ion  
t h r o u g h  r and the  c o e f f i c i e n t s  T '  m (m = 0 . . . .  ,4 ) .  D i f f e r e n t i a t i o n  of the  r e s u l t a n t  p o l y n o m i a l  m a k e s  i t  p o s s i b l e  
to e x p r e s s  V~-*(RI R') and V q * ( R [ R ' ) ,  which  a p p e a r  in the  i n t e g r a n d s  in Eqs .  (3), in the  f o r m  of p o l y n o m i a l s  in 

and ~ a l s o .  

In the  l a t t e r  p o l y n o m i a l s ,  i t  i s  conven i e n t  to u se  in p l a c e  of T '  m the  c o e f f i c i e n t s  T m d e t e r m i n e d  a t  t he  
po in t  R u n d e r  c o n s i d e r a t i o n  in a c c o r d a n c e  with  Eq.  (6). Subs t i tu t ing  in the  s p e c i f i e d  p o l y n o m i a l s  the  quan t i t i e s  
T '  m e x p r e s s e d  as  funct ions  of  T m and of the  d i s p l a c e m e n t  v e c t o r  r = R - -  R ' ,  u s ing  the  r e c u r r e n c e  r e l a t i o n  
(7) and the  obvious  r e l a t i o n s  

To (~) - -  % (~), T~ (~) z0 ---- V n  (~), (13) 

w h e r e  z 0 i s  a uni t  v e c t o r  in the  d i r e c t i o n  of the  z a x i s ,  we ob ta in  f r o m  E q s .  (3) 

[ i~ z (3~2 x + [ }  5 •  -- i~]z~ %(R) I~-  - -  , (14) 
r  a~ 5 , •  36 

•  15 •  -kis/2~ s z + 2 6  ' 

(15) 
S (• 6) = ~[} (44• 2 + 59• - -  136 ~) - -  (• 13• -k 4[} ~) 

2~ + 3[} 

(the i n t e r m e d i a t e  c o m p u t a t i o n s  and a l s o  the  p o l y n o m i a l  r e p r e s e n t a t i o n s  fo r  T* and o t h e r  quan t i t i e s  a r e  not  
w r i t t e n  do~aa b e c a u s e  of  t h e i r  e x t r e m e  c o m p l e x i t y ) .  Equa t ion  (14) d e t e r m i n e s  the  i n t e n s i t y  of  the  i n t e r p h a s e  
hea t  t r a n s f e r  p e r  un i t  vo lume  of  the  m e d i u m  and Eq .  (15) g i v e s  the e f f ec t i ve  m e a n  hea t  f low q f r o m  Eq.  (1). 

C o m p a r i n g  E q s .  (2) wi th  E q s .  (14) and (15), we ob ta in  equa t ions  f o r  the  d e t e r m i n a t i o n  of  the  unknown c o -  
e f f i c i en t s  ~ to /3  [the o t h e r  c o e f f i c i e n t s  i n t r o d u c e d  can  be c a l c u l a t e d  f r o m  E q s .  (4)], 

o = t + - ~ -  3~ ~ 
• 2 6 3[~ . (16) 

p ( •  [ 3 6 +  i~12- S(• 6) isi2~f ~"[}(6--• 1 [ }=~+<,p -~ 
• L ' 15 " x + 2 [ ~  ~ " ~ . ~ ~  ] "  
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It is  r easonab le  to s eek  a solution of these  equations in the fo rm of polynomials  in powers  of V or ,  
which is the s a m e  thing, in powers  of ~ To the accuracy  a s sumed  in this paper ,  one can set  

calculating the coefficients in these relations which are independent of the frequency w by using the small 
p a r a m e t e r  ~. 

In p a r t i c u l a r ,  we have f r o m  Eqs .  (14)- (17) 

(17) 

tl~~ ---- 1, ~(o) _-- 1/4 {2-- 39 - -  • (1 - -  39) + [(2 - -  39 - -  x (1 - -  3p)) 2 + 8x]1/2}. (18) 

The f i r s t  of these  re la t ions  demons t r a t e s  that  under  s t a t ionary  conditions the mean t e m p e r a t u r e s  of the phases  
agree  with each  o ther  and with the mean t e m p e r a t u r e  of the mix ture  as a whole, as should be expected.  The 
second re la t ion  de te rmines  the effect ive s ta t ionary  t h e r m a l  conductivity of a g ranu la r  m a t e r i a l ,  which was 
prev ious ly  calcula ted in [15]. 

Fu r the r ,  using Eq. (7), we have to the requi red  accuracy  

[ ] 3p• (~--I) (19) ~0)= P ~(,)+ cla ~ (~--l)So K=I 
K -  15x---T " ( ~ +  2~(~ ~ ' (~+ 2~(~ ' 

=-K'-  \ - - ~ - ~  I (~ -]- 2P(~ ' ' 

where g, S, and fl(0) a r e  defined in Eqs.  (7), (15), and (18), r e spec t ive ly .  Equations (18) and (19) a r e  cons ide r -  
ably s impl i f ied  in var ious  l imit ing c a s e s ,  pa r t i cu la r ly  when ~ ~ 0 or  x --- co 

Note that when ~1 = }'0 (x  = 1) and c 1 = c 0, the pa r t i c les  a r e  indist inguishable (with r e spec t  to heat t r a n s -  
pert)  f r o m  the continuous phase .  In this c a se ,  we obtain fl(0) = 1, ~0 = 1 f r o m  Eqs.  (7) and (18) and a0) = tiff) = 
/~(2) = 0 f r o m  Eq. (19), which is typical  of a homogeneous the rmal ly  conducting medium.  In a heterogeneous  
g ranu la r  medium,  the effect ive " the rmal  conductivity" k = fl~0 and effect ive coeff icient  of in te rphase  exchange 
display m a r k e d  "non-Newtonian" p rope r t i e s  in the gene ra l  case ;  f i r s t ,  they depend on the wave f requency,  
and, second,  they a r e  complex  quanti t ies.  This  co r re sponds  to two new effects  which can significantly affect  
the behav ior  of t h e r m a l  waves ,  influencing the f requency dependence of the ra te  of propagat ion of the waves ,  
the phase - sh i f t  angles between the osc i l la t ions  of the different  va r i ab l e s ,  and, in the final ana lys i s ,  the d is -  
pers ion  of wave packets  and the r e sponse  of t e m p e r a t u r e  fields in the medium to changes in ex te rna l  t e m p e r -  
a ture  or  heat flow. The nature  of such an effect  is  eas i ly  explained by means  of the s imple  equations (4) and 
(5) and t h e r e f o r e  a study of it is  omit ted.  

All the expres s ions  given above can be cons idered  as re la t ing to F o u r i e r  t r a n s f o r m s  of a r b i t r a r y  va r i -  
ables in the fields r0(t , r)  and Tl( t , r )  by assuming  

%(t, r) = S e~~ (c~ r) dxo, Tl(t, r) = J" e'~%i(t, r)&o. (20) 

Fo r  these  f ie lds ,  we then obtain f r o m  the f i r s t  equations in (4) and (16) 

( ' ~(') 0 ~ )  (21) ~i(t, r ) =  1-7 %(t, r). 

S imi la r ly ,  us ing Eq. (15) and cons ider ing  q in Eq. (1) as a F o u r i e r  t r a n s f o r m  of the t rue  mean  heat flow 
q(t, r ) ,  we obtain a f t e r  s imple  t r ans fo rma t ion  

~ -  w~176 at '~ F t - t '  (22) 

It is  easy  to see  that the quanti t ies I flO)/fl(o) i and t a(~) I have the sense  of ce r t a in  cha rac t e r i s t i c  r e l axa -  
tion t imes  fo r  t h e r m a l  conductivity in the d i spe r sed  medium,  the f i r s t  of which c h a r a c t e r i z e s  the re laxat ion 
of the mean flow to a s t a t ionary  value co r respond ing  to a given instantaneous value of the gradient  of the mean 
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t empera tu re  and the second of which charac te r i zes  the relaxation of the tempera ture  of the d ispersed  phase 
to the tempera ture  of the continuous phase as the resul t  of heat exchange between the phases .  F r o m  the physi-  
Cal point of view, a nonzero value for  these t imes  is obviously associa ted with a difference in the thermal  iner -  
t ia of the continuous and d ispersed  phases.  Note that a0) f rom Eq. (19) can, in principle,  be both positive and 
negative. 

The last  t e rm for  the mean heat flow in Eq. (22) depends on the his tory of the hea t - t ranspor t  p rocess  and 
is nonlocal in t ime.  In this respec t ,  it reminds one, for  example,  of the well-known Basse t  force acting on a 
smal l  par t ic le  suspended in a pulsating flow. As far  as the authors know, the existence of such a t e rm has not 
been pointed out previously for  media of the type discussed here.  

As follows f rom Eqs. (1) and (4), Tl(t,r), and also the mean tempera ture  r ( t , r )  of the medium as a whole, 
are  expressed  in the form of simple l inear functionals of T0(t,r), i . e . ,  it is only neces sa ry  to determine the 
field r0(t, r). An equation for  the d i rec t  determination of this field should be obtained after  the application of 
the inverse  Four ie r  t r ans fo rm t o E q .  (5). If we limit ourselves  to t e rms  of the o rder  of co [or, which is the 
same thing, to the o rde r  of (a/L)2], we obtain f rom Eq. (5) 

0T0 _ ~i0) ~.0A%, (23) 
(ec~ + PCl) Ot 

i . e . ,  in this approximation,  the dispersed medium is indistinguishable f rom some homogeneous medium, the 
thermal  conductivity and heat capacity of which are ,  respect ively ,  fl(~ 0 and ec 0 + pc 1. 

To an accuracy  of the o rde r  of ~.2 [or (a/L)4], we have f rom Eq. (5) 

0~ , (eCo+pC~) 0~o _~.oifj,o,§ 0 ) PC~(1) Q Ot - -~ -  -- Ot -~- h%, (24) 

f rom which the sense of the quantities ]fl(1)/fl(o) I and ] ~0) l as relaxation t imes becomes especially c lear .  
Te rms  which depend on the history of the process  and which thereby complicate analysis  of heat t ranspor t  
considerably only appear  to the approximation with respect  to ~c; this should be considered as an ext remely  
favorable c i rcumstance .  

It is Significant that Eq. (24) can be ei ther  hyperbolic or elliptic depending on the sign of a(l) if one ne- 
glects the relaxation of thermal  flow by setting fl(1) = 0 (although there  is no justification for  doing so). Ob- 
viously, the f i r s t  case  is encountered considerably more often so that cer ta in  advances achieved in the de-  
s e r i p t i ono f hea t t r an spo r t  in d ispersed media by means of an equation of the hyperbolic type [16] become 
understandable.  As fa r  as the authors know, elliptic equations have not been included in the simulatio'n of heat 
t r ans fe r  previously.  In the general  case,  of course ,  it is necessa ry  to cons ider  all t e rms  appearing in Eq. (24). 

We point out in conclusion that Eq. (24) and the pa ramete r s  ~ and ~ were obtained here under definite, 
and somet imes  limited, assumptions.  However, one can assume f rom general  considerat ions that this equa-  
tion is applicable to the analysis of t ranspor t  p rocesses  in a considerably broader  class  of heterogeneous 
mate r ia l s ,  although in this case it is necessa ry  to consider  fl(1) and a0) as empir ical  coefficients.  In par t i -  
cular ,  p rec i se ly  such an equation should be used for  corre la t ion  analysis  of experimental  data and in the con- 
struction of computational models .  

NOTATION 

Am, Bin, coefficients in (11), (12); a,  par t ic le  radius; c ,  heat capacity per  unit volume; F, functional 
introduced in (2), (3); fm,~Om, functions in (11); hm, Jm, functions defined in (12); L, scale of mean t emper -  
ature fields; Mm, Nm, coefficients in (9); n, unit vec tor ,  r / r ;  q, heat flow; R, R ' ,  r ,  spatial  coordinates;  S, 
quantity in (15); Tm, coefficients in (6); t,  t ime; z, coordinate on which mean tempera ture  fields depend; fl, 
pa rame te r  defined in (4); Am, pa ramete r  in (12); ~, ~7, pa ramete r s  introduced in (7); e, porosi ty;  0, polar  
angle; ~ = 7q/X0: ;% thermal  conductivity; p ,v ,  coefficients in (2); 4, pa rame te r  in (7); p, volumetric  concen- 
t rat ion of par t ic les ;  ~, proport ionali ty fac tor  introduced in (4); T, mean tempera ture  o r  its amplitude; r  
functional defined in (2), (3); co, frequency. Indices: 0,1,  quantities associated with the continuous and dis-  
persed  phases ,  respect ively;  as te r i sks ,  t empera tu re  and heat flow within a test  par t ic le .  

I. 

2. 

LITERATURE CITED 

R. Chao and H. E. Hoelscher, AIChE J., 12, 271 (1966). 
G. A. Turner, AIChE J., 13, 678 (1967). 

771 



3. C . P .  J e f f e r son ,  Chem. Eng. Sc i . ,  23,  509 (1968). 
4. H. Li t tman,  R. G . . B a r i l e ,  and A. H. Pu ls i fe r ,  Ind. Eng. Chem. Fund . ,  7,  554 (1968). 
5. D . J .  Gunn and J .  F. C. de Souza, Chem. Eng. Sc i . ,  29,  1363 (1974). 
6. J . J .  B a r k e r ,  Ind. Eng. C h e m . ,  57, 33, 43 (1965). 
7. D . J .  Gunn, Chem. Eng. Sc i . ,  25,  53 (1970). 
8. M. Suzuki and J .  M. Smith,  AIChE J . ,  18,  326 (1972). 
9. J . F .  Davidson,  M. W. L. Robson,  and F.  C. Roes l e r ,  Chem. Eng. Sc i . ,  24,  815 (1969). 

10. D . J .  Gunn and R. England, Chem. Eng. Sc i . ,  26,  1413 (1971). 
1! .  O . A .  Asb jz rnsen  and B. Wang, Chem. Eng. Sc i . ,  26, 585 (1971). 
12. P . B .  Gr imado ,  Quart .  Appl. Math . ,  3.11, 379 (1974): 
13. M. Ben-Amoz ,  Intern.  J .  Eng. Sc i . ,  12,  663 (1974). 
14. Yu. A. Buevich,  Yu. A. Korneev ,  and I. N. Shchelchkova, I n z h . - F i z .  Zh . ,  30, No.6 (1976). 
15. Yu. A. Buevlch and Yu. A. Korneev,  Zh. Pr ik l .  Mekh. Tekh.  F i z . ,  No.4 ,  79 (1974). 
16. N . V .  Antonishin,  M. A. Ge l le r ,  and A. L. P a r n a s ,  I n z h . - F i z .  Z h . ,  26,  3 (1974). 

M E C H A N I C S  O F  J E T  F L O W S  IN G R A N U L A R  L A Y E R S .  

C O A L E S C E N C E  O F  B U B B L E S  I N  C O N S T R A I N E D  

F L O W  C O N D I T I O N S  

Y u .  A .  B u e v i c h  a n d  G .  A .  M i n a e v  UDC 532.545 

The coa lescence  of bubbles forming during the injection of a s y s t e m  of pa ra l l e l  je ts  into a 
high fluidized l a y e r  is invest igated.  The effect  of the p a r a m e t e r s  of pe r fo ra t ed  g a s - d i s -  
t r i bu to r  a r r a y s  on the fo rmat ion  of the l aye r  s t ruc tu re  is  br ief ly  d i scussed .  

A s y s t e m  of pa ra l l e l  je ts  is ve ry  often used  for  fluidization of g ranu la r  l aye r s  and also for  improving  the 
c h a r a c t e r i s t i c s  of l aye r s  fluidized by an independent homogeneous flow. In both cases  the c h a r a c t e r i s t i c s  of 
these  je t s  have a m a r k e d  effect  on the format ion  of the l a y e r  s t ruc tu re  as well  as  on the intensi ty  of the p r o -  
c e s se s  of heat  and m a s s  t r a n s f e r  r ea l i zed  in the l ayer .  F r o m  the point of view of applicat ions the main in te res t  
l ies in the in te rac t ion  of je ts  and the bubbles fo rming  in them and in the i r  dependence on the c h a r a c t e r i s t i c s  of  
the l aye r  i t se l f  as well  as on the init ial  p a r a m e t e r s  of the jets  (shape and s ize  of nozzles  or  a p e r t u r e s ,  veloci ty,  
the s tep  between adjacent  a p e r t u r e s ,  and so forth).  It is just  this  in terac t ion  that p r i m a r i l y  de te rmines  the 
nature  of gas  dis tr ibut ion and the requi red  s t ruc tu re  of the fluidized l aye r  so that i ts  invest igat ion is ent i re ly  
n e c e s s a r y  fo r  developing methods of l ayer  s t ruc tu re  control  and engineer ing techniques of i ts  computat ion,  as 
well as for  the construct ion of g a s - d i s t r i b u t o r  units .  

In spi te  of the obvious p rac t i ca l  s ignif icance of this p rob l em,  i ts  meaningful  investigation is s t i l l  in a 
r u d i m e n t a r y  s tage (for example ,  see  [1]). There  a r e  only isolated empi r i ca l  or  purely  engineering inves t iga-  
tions of pa r t i cu l a r  p rob lems  encountered in the construct ion or  operat ion of ce r ta in  equipment.  Theore t ica l ly ,  
cons t ra ined motions in a fluidized l ayer  have been invest igated only in connection with the r e s t r i c t ing  effect  of 
the equipment  walls on the distr ibution of gas flows around a so l i ta ry  bubble [2], with the interact ion of two 
c lose ly  spaced  bubbles in an infinite l ayer  [3], and with the mutual  effect  of two s ta t ionary  adjacent  plane jets  
on gas injection and the pa r t i c les  in each of these  jets  [4]. Below, the resu l t s  of exper imen t s  on the inves t iga-  
tion of the interact ion of pa ra l l e l  je ts  in a high l ayer  and on the de terminat ion  of the height of p r i m a r y  coa l e s -  
cence of bubbles as a function of the physical  and r eg ime  p a r a m e t e r s  a r e  p resen ted  and d i scussed .  

A s y s t e m  of two semiinf ini te  ve r t i ca l  je ts  flowing out into a fluidized l ayer  of par t i c les  of polys tyr i l ,  
n i t r o a m m o p h o s p h  (a n i t rogen - -ammonium- -phosphorus  fe r t i l i ze r ) ,  a lumin0s i l ica te  ca ta lyzer ,  and sand of d i f f e r -  
ent g ranu lomet r i c  composi t ion was taken as the init ial  objects  for  invest igat ion.  In mos t  exper imen t s  the 
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